The stability of steady state synchronous and nonsynchronous response of a nonlinear rotor system supported by squeezefilm dampers is investigated. The nonlinear differential equations which govern the motion of rotor bearing system are obtained by using the Generalized Polynomial Expansion Method.
tained by using the Generalized Polynomial Expansion Method.
The steady state response of system is obtained by using the hybrid numerical method which combines the merits of the harmonic balance and collocation methods. The stability of system response is examined using Floquet-Liapunov theory.
Using the theory, the performance may be evaluated with the calculation of derivatives of nonlinear hydrodynamic forces of the squeeze-film damper with respect to displacement and velocity of the journal center. In some cases, these derivatives can be expressed in closed form and the prediction of the dynamic characteristic of the nonlinear rotor system will be more effective. The stability results are compared to those using a direct numerical integration method and both are in good agreement. modern rotating machines to dampen rotor motion and it has been verified that the rotor vibrational amplitudes can be reduced and the system stability can be improved with squeezefilm dampers (Mohan and Hahn, 1974; Gunter et at, 1977; Rabinowitz and Hahn, 1983; Chen, 1987) . Because of the complicated hydrodynamic behavior of a squeeze-film damper, it has become a special part of rotor dynamics.
Several investigators (Mohan and Hahn, 1974; Gunter et al., 1977; Hahn, 1979; Taylor and Kumar, 1980; Greenhill and Nelson, 1982; Rabinowitz and Hahn, 1983) have shown that the steady state response will be a centric circular synchronous motion, if a rotor system is symmetric and vertical, or if a rotor system is preloaded such that the rest journal's center is coincident with the bearing's center. The stability of the centric circular synchronous motion can be studied by firstly perturbing the equations of motion about the steady state solution and secondly solving the eigenvalues problem of the perturbed system. It has been shown by researchers (Hahn, 1979; Athre et at, 1982; Greenhill and Nelson, 1982; Chen, 1987) that the steady state centric circular motion is unstable if one of the real part of eigenvalues is positive. Another method for studying the stability of steady state circular motion is to search for the convergent passage by direct numerical intergation (Taylor and Kumar, 1980) . The steady state periodic response of a rotor system with squeeze-film dampers may not be a centric circular motion due to the effects of non-synchronous excitations and/or unsymmetrical configuration of a rotor system. Many researches investigated such periodic response using various methods, such as direct numerical integration (Cookson and Kossa, 1979) , perturbation method (Pan and Tonnesen, 1978) , trigonometric collocation method (TCM) and harmonic balancing method (HBM) (Saito, 1985; Nataraj and Nelson, 1989; Shiau and Jean, 1990; Jean and Nelson, 1990) . However, there are lack of the stability analysis Of such periodic response.
The stability of nonlinear steady state response and the occurrence of non-synchronous response will be studied in this paper. For non-centric circular synchronous motion, the perturbed dynamic behavior will be governed by a set of linear ordinary differential equations with periodic coefficients. The Floquet-Liapunov theory is used to examine the stability of the periodic system. An improved numerical integration method (Friedmann et al., 1977 ) is used to calculate the Floquet transition matrix which is used to determine system stability.
For the analysis of stability, the derivatives of nonlinear squeeze-film forces with respect to journal displacement and velocity will be employed. With the application of short bearing theory, the derivatives of nonlinear squeeze-film forces can be expressed in closed form. A simple example of rigid rotor supported by squeeze-film damper is firstly employed to demonstrate the stability of the nonlinear periodic response as well as the occurrence of fsubharmonic whirl motion. In addition, the nonlinear response of a flexible rotor system, which consists of multiple rigid discs and bearing supports, are calculated by using the hybrid numerical method (Hwang and Shiau, 1991) and the corresponding stability will be examined by using the present algorithm.
DERIVATION OF GOVERNING EQUATIONS
A rigid rotor carried in a squeeze-film damper with linear isotropic centering spring and a rotor mass, m, concentrated at the axial center of journal, is shown in Figure I . The equations of motion of the rotor system can be expressed in a rotating frame (Mohan and Hahn, 1974; Cookson and Kossa, 1979; Taylor and Kumar, 1980) as follow :
where the parameters are defined in the nomenclature and the rotating speed II is constant. Alternatively, the equations of motion can he expressed in the inertia frame as rn + ku = F + me11 2 cos(flt)
It is noted that the forces generated by the squeeze-film damper in the rotating frame (F" Fs ) and/or in inertia frame (Fu , Fu,) , are nonlinear functions of the displacement and velocity of the journal center.
For the flexible rotor system, the Generalized Polynomial Expansion Method (GPEM) proposed by Hwang and Shiau (1991) is employed. It describes that the deflections of the flexible shaft can be expressed as functions of axial coordinate ,x, of flexible shaft and time ,t, as follow : +n [-0c [-c;
Applying the numerical technique by Hwang and Shiau (1991) , the steady state response of the rotor system can be obtained and expressed by a set of finite terms of trigonometric functions.
It should be noted that the linear and nonlinear forces due to the squeeze-film damper are symbolically included in the first and the second term on the right hand side of equation (3b) and (#) (r i k,) E E 1-1 ( ); It is noted that the squeeze film forces will generally depend on the motion of journal center which is usually implicit function of time, as shown in equations (9) and (5). In addition, if the motion orbit of system is synchronous circular and the oil film is fully cavitated (i.e. rr-film model), equation (6) can be approximately expressed as
(
The dimensionless variables shown in equation (5) are given by
=tan ( 1 7) Moreover, the integration limit can be generally expressed as
NONLINEAR SQUEEZE-FILM FORCES AND THEIR DERIVATIVES
To obtain the forces of squeeze-film damper, the short bearing approximation is used because most of squeeze-film dampers are of low L/D ratio (Mohan and Hahn, 1974; Gunter et al., 1977) O f 2 will be of the form
which is the ir-film bearing model.
The derivatives of nonlinear squeeze-film forces in either rotating frame or inertia frame can be obtained by differentiating equations (A) and (5) 
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The formulation of these derivatives shown in equations (12)- (26) will be employed in the stability analysis. The nonlinear forces and their derivatives are expressed in rotating frame be- (18) cause the expressions are simple. However, for studying the stability and the response of system, it is more convenient to use the expressions in fixed frame. Also, it should be noted that the use of sr-film model is only for convenience.
STABILITY OF STEADY STATE RESPONSE
The steady state solution of equation (2) can be approximately described (Saito, 1985; Nataraj and Nelson, 1990; Shiau (20) and Jean and Nelson, 1990) by the form
.," wo E("", co. w i t + sus; sin wit)
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(26)
where
(1 equation (30) can be written in rotating frame. That yields a set of homogeneous ordinary differential equations with constant coefficients. Thus, the stability problem can be examined by solving the eigenvalues of a constant matrix (Hahn, 1979; Athre et al., 1982; Greenhill and Nelson, 1982; Chen, 1987) .
In general, the coefficient matrices shown in equation (30) are 
NUMERICAL EXAMPLES AND RESULTS

Example 1:
The rotor system studied by Taylor and Kumar (1980) The stability has been studied by Taylor and Kumar (1980) and Greenhill and Nelson (1982) . It can be shown that, for small eccentricity (e.g. 6 = 0.125), the circular synchronous motion is stable and unique. However, if the eccentricity is increased, different dynamic phenomena will occur. For the case of 6 = 0.250, there exist the jump phenomena for the circular synchronous motion when the rotating speed pass through A 1250.0rad/sec. If the eccentricity is continously increased (i.e. A = 0.375), it is found that the jump phenomena occur at A 1500.0rad/sec and a bistable operation behavior appear as 11 > 1500.0rad/scc. The bistable operation behavior and jump phenomena.have been shown very important (Gunter et al., 1977; Botinan and Samaha, 1982; Rabinowitz and Hahn, 1983) . The existence of side load will distort the orbits of circular synchronous motion and result in subharmonic whirl motion. In addition, it can destablize the Figure 10c shows the orbit of the consecutive five periods of time history from 1571 to 19R for the case of Figure 10a and it converges to a limit double-loop motion which is very consistent with the solution shown in Figure 10d by the trigonometric collocation method (TC5.1). The stability analysis shows lAl max = 0.750. However, when the journal is rotating at a speed II = 2200 red/sec which is near the boundary between 1--subharmonic whirl motion and synchronous motion, the behaviors will be significantly changed. This example considers a flexible rotor system (Hwang and Shiau, 1991) shown in Figure 13 which consists of rigid discs mounted at stations 1, 4, 5, and 12, and three linear isotropic supports located at stations 3, 6, and 13. Two squeeze-film dampers with centering spring are set at stations 3 and 13.
The data of shaft and corresponding material properties are given in Table 1 . The mass properties of rigid discs are list in Table 2 . The stiffness properties of the linear isotropic supports and the data of squeeze-film dampers are indicated in Table 3 .
The rigid disk at station 13 is of mass eccentricity 20.32 grn.
In addition, the system is assumed to be horizontal so that the gravitational effect is considered as a side load distribution.
Using the modelling approach of Generalized Polynomial Expansion Method (GPEM) and introducing the idea of component mode synthesis, a set of nonlinear differential equations ([twang and Shiau, 1991) which govern the system motion, can be obtained. Moreover, the hybrid numerical method, which has the merits of both HBM and TCM, is used to solve for the nonlinear response. Figures 14 and 15 show the nondimensional semi-major axis versus rotating speed for the first and the second harmonic motions associated with a constant offset relative to eccentricity for stations 3 and 13, respectively. It is also found that the magnitude of nondimensional semi-major axis for the third, the fourth, and higher harmonic motion are smaller than 10 -3 . Since the steady state response is nearly a circular synchronous motion, the nonlinear squeeze-film forces can be approximated by using equation (8),It is indicated that the steady state response using equation (8) Rotating Speed (10 3 rad/sec) Model of equation (6) Model of equation (8) 2 2c.)
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